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Two new classes of permutation polynomials over ﬁnite ﬁelds are
presented: (i) f (x) = (1− x− x2)x 3e+12 − 1− x+ x2 over F3e where
e is a positive even integer; (ii) gn,p(x) =∑ n
pl np−1
n
l
( l
n−l(p−1)
)×
xn−l(p−1) over Fpe where e is a positive integer such that e ≡
0 (mod 2) if p = 2, and n = (p − 1)pm + p0e + p1e + · · · + p(p−1)e ,
(m − 1, e) = 1. The permutation polynomial in (i) answers an open
question about reversed Dickson polynomials.
© 2010 Elsevier Inc. All rights reserved.
1. Statement of results
In this paper we introduce two new classes of permutation polynomials over ﬁnite ﬁelds. We will
prove the following two theorems.
Theorem 1.1. Let e be a positive even integer. Then
f (x) = (1− x− x2)x 3e+12 − 1− x+ x2
is a permutation polynomial over F3e .
Theorem 1.2. Let p be a prime and e a positive integer such that e ≡ 0 (mod 2) if p = 2. Let n =
(p − 1)pm + p0e + p1e + · · · + p(p−1)e , where m is a positive integer such that (m − 1, e) = 1. Then
gn,p(x) =
∑
n
pl np−1
n
l
(
l
n − l(p − 1)
)
xn−l(p−1)
is a permutation polynomial over Fpe .
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the context in which these permutation polynomials were discovered. We mention that Theorem 1.1
answers an open question in a recent work [3] on reversed Dickson polynomials over ﬁnite ﬁelds.
2. The permutation polynomial f (x)
2.1. Reversed Dickson polynomials
Let n 0 be an integer. It is well known [6] that there exists a polynomial Dn(x, y) ∈ Z[x, y] such
that in Z[x1, x2],
xn1 + xn2 = Dn(x1 + x2, x1x2). (2.1)
The explicit form of Dn(x, y) is given by Waring’s formula [5, Theorem 1.76]
Dn(x, y) =
n/2∑
i=0
n
n − i
(
n − i
i
)
(−y)i xn−2i. (2.2)
Let a be an element of a ﬁnite ﬁeld Fq . The polynomial Dn(x,a) ∈ Fq[x] is the Dickson polynomial
(of degree n and parameter a) over Fq . The permutation property of Dn(x,a) is completely known:
Dn(x,a) is a permutation polynomial over Fq if and only if a = 0 and (n,q − 1) = 1 or a = 0 and
(n,q2 − 1) = 1; see [4, Theorem 3.2] or [5, Theorem 7.16].
The reversed Dickson polynomial, Dn(a, x), is obtained by reversing the roles of the variable and the
parameter in the Dickson polynomial Dn(x,a). The permutation property of reversed Dickson poly-
nomial Dn(1, x) over F2m was ﬁrst studied by Dillon [1] in connection with double-error-correcting
BCH codes and almost perfect nonlinear functions. A more general and systemic approach to the per-
mutation property of Dn(a, x) over Fq appeared in a recent paper [3] by Hou, Mullen, Sellers and
Yucas. It turns out that reversed Dickson polynomials are also a rich source for new permutation
polynomials. However, unlike the Dickson polynomial, the permutation property of the reversed Dick-
son polynomial Dn(a, x) is not completely known. We assume a = 0 to avoid a trivial case. Then it is
known that Dn(a, x) is a permutation polynomial over Fq if and if Dn(1, x) is; see [3]. Therefore, the
question is to determine all pairs of parameters (n,q) for which Dn(1, x) is a permutation polynomial
over Fq . For convenience, we call such pairs desirable. In [3], several classes of desirable pairs (n,q)
were found. Interestingly, these classes cover all desirable pairs (n,q) in the range q < 200 with only
one exception. The exceptional cases is (n = 86, q = 34). The following theorem puts this exceptional
cases in a new class of desirable pairs; hence all reversed Dickson permutation polynomials over Fq
with q < 200 are explained.
Theorem 2.1. Let e be a positive even integer. Then D3e+5(1, x) is a permutation polynomial over F3e .
It will become clear in the following proof that Theorem 2.1 is equivalent to Theorem 1.1.
2.2. Proof of Theorem 2.1
By Proposition 5.1 of [3] we have
D3e+1(1, x) = −(1− x) 3
e+1
2 − 1, (2.3)
D3e+2(1, x) = −(1− x) 3
e+1
2 − 1− x. (2.4)
Also note that the reversed Dickson polynomial satisﬁes the recurrence relation
Dn(1, x) = Dn−1(1, x) − xDn−2(1, x), n 2; (2.5)
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D3e+5(x) =
(−1− x2)(1− x) 3e+12 − 1− x+ x2.
(The routine computation is omitted here.) Letting y = 1− x, we have
D3e+5(1, x) =
(−1− (1− y)2)y 3e+12 − 1− (1− y) + (1− y)2
= (1− y − y2)y 3e+12 − 1− y + y2
= f (y),
where f (x) = (1− x− x2)x 3e+12 − 1− x+ x2 is the polynomial in Theorem 1.1.
We now prove that f (x) is a permutation polynomial over F3e . Let (F∗3e )2 = {a2: a ∈ F∗3e } and
(F3e )
2 = {a2: a ∈ F3e }. First we note that
f (x) =
⎧⎪⎨
⎪⎩
−1 if x = 0,
(1− x− x2)x− 1− x+ x2 = −1− x3 if x ∈ (F∗3e )2,
(1− x− x2)(−x) − 1− x+ x2 = −1+ x− x2 + x3 if x ∈ F∗3e \ (F∗3e )2.
(2.6)
Assume to the contrary that there exist x1, x2 ∈ F3e with x1 = x2 such that f (x1) = f (x2).
Case 1. Assume x1 = 0, x2 = 0.
Case 1.1. x2 ∈ (F∗3e )2. Then −1 = f (x1) = f (x2) = −1− x32, which is a contradiction.
Case 1.2. x2 ∈ F∗3e \ (F∗3e )2. In this case, f (x1) = f (x2) implies x2 − x22 + x32 = 0, i.e., x2(x2 + 1)2 = 0. So
x2 = −1 ∈ (F∗3e )2, which is a contradiction.
Case 2. Assume x1, x2 ∈ (F∗3e )2. Then by (2.6) we have x31 = x32, i.e., x1 = x2, which is a contradiction.
Case 3. Assume x1, x2 ∈ F∗3e \ (F∗3e )2. Then by (2.6) we have x1 − x21 + x31 = x2 − x22 + x32, i.e.,
(x1 − x2)
[
x21 + (x2 − 1)x1 + (x2 + 1)2
]= 0.
So
x21 + (x2 − 1)x1 + (x2 + 1)2 = 0. (2.7)
Since (2.7), viewed as a quadratic equation in x1, has a solution in F3e , we have (F3e )2  (x2 − 1)2 −
4(x2 + 1)2 = −x2, which is a contradiction.
Case 4. Assume x1 ∈ (F∗3e )2 and x2 ∈ F∗3e \ (F∗3e )2. By (2.6) we have −x31 = x2 − x22 + x32 = x2(x2 + 1)2.
This is impossible since −x31, (x2 + 1)2 ∈ (F∗3e )2 but x2 /∈ (F∗3e )2.
This completes the proof of Theorem 2.1.
3. The permutation polynomial gn,p(x)
3.1. gn,q(x) and symmetric polynomials
In spite of its rather complicated appearance, the polynomial gn,p(x) in Theorem 1.2 actually arises
in a very natural way. We now describe the context which leads to the formation of the polyno-
mial gn,p(x). For the sake of generality, we replace the prime p with a prime power q in this and the
following subsections.
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We then have
tq − t + xq − x = (t + x)q − (t + x) =
∏
a∈Fq
(t + x+ a) =
q∑
k=0
σk
(
(x+ a)a∈Fq
)
tq−k, (3.1)
where σk is the kth elementary symmetric polynomial in q variables. A comparison of the coeﬃcients
of t on both sides of (3.1) reveals that
σk
(
(x+ a)a∈Fq
)=
⎧⎪⎪⎨
⎪⎪⎩
1 if k = 0,
−1 if k = q − 1,
xq − x if k = q,
0 otherwise.
(3.2)
Let n 0 be an integer. By Waring’s formula [5, Theorem 1.76] and (3.2), we have
∑
a∈Fq
(x+ a)n =
∑
α(q−1)+βq=n
(−1)α (α + β − 1)!n
α!β! (−1)
α
(
xq − x)β
=
∑
n
ql nq−1
(l − 1)!n
(lq − n)!(n − l(q − 1))!
(
xq − x)n−l(q−1) (l = α + β)
=
∑
n
ql nq−1
n
l
(
l
n − l(q − 1)
)(
xq − x)n−l(q−1).
Set
gn,q(x) =
∑
n
ql nq−1
n
l
(
l
n − l(q − 1)
)
xn−l(q−1) ∈ Z[x].
(Note that the coeﬃcients of gn,q(x) are integers since the coeﬃcients in Waring’s formula are inte-
gers.) Then in Fq[x] we have
∑
a∈Fq
(x+ a)n = gn,q
(
xq − x). (3.3)
We may treat the above functional equation as the deﬁnition of gn,q(x).
3.2. When is gn,q(x) a permutation polynomial?
Let charFq = p and let e be a positive integer. Put
V = {x ∈ Fqpe : xq − x ∈ Fqe}. (3.4)
Note that the mapping x 	→ xq − x from V to Fqe is q-to-1 and onto. Hence V is an Fq-subspace of
Fqpe with dimFq V = e + 1.
Lemma 3.1. The polynomial gn,q(x) is a permutation polynomial over Fqe if and only if the mapping x 	→∑
a∈Fq (x+ a)n from V to Fqe is q-to-1.
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x 	→ gn,q(x) is onto from Fqe to Fqe
⇔ x 	→ gn,q
(
xq − x) is onto from V to Fqe
⇔ x 	→
∑
a∈Fq
(x+ a)n is onto from V to Fqe
⇔ x 	→
∑
a∈Fq
(x+ a)n is q-to-1 from V to Fqe . 
The subspace V in (3.4) can be described explicitly. Choose  ∈ Fqe such that TrFqe /Fq () = 1. Then
there exists u ∈ Fqpe such that uq − u =  . It is easy to see that
V =
⋃˙
a∈Fq
(au + Fqe ). (3.5)
Before we proceed to the proof of Theorem 1.2, we use the next example to show that gn,q(x) also
gives rise to a known class of permutation polynomials.
Example 3.2 (The q-ary Gold case). Let m, e be positive integers such that (m, pe) = 1 and let n =
(q − 1)qm + 1. We will see that gn,q(x) is a q-linearized and permutation polynomial over Fqe . First,
for each a ∈ Fq we have
(x+ a)n =
n∑
k=0
(
(q − 1)qm + 1
k
)
akx(q−1)qm+1−k
=
∑
0k1q−1
0k21
(
q − 1
k1
)(
1
k2
)
ak1q
m+k2x(q−1−k1)qm+(1−k2)
(
k = k1qm + k2
)
=
∑
0k1q−1
0k21
(
q − 1
k1
)(
1
k2
)
ak1+k2x(q−1−k1)qm+(1−k2).
Using the fact [5, Lemma 6.3] that∑
a∈Fq
ak =
{
0 if 0 k q − 2,
−1 if k = q − 1,
we obtain∑
a∈Fq
(x+ a)n =
∑
0k1q−1
0k21
(
q − 1
k1
)(
1
k2
)
x(q−1−k1)qm+(1−k2)
∑
a∈Fq
ak1+k2
=
⎧⎨
⎩
∑
(k1,k2)=(q−1,0),(q−2,1)
(q−1
k1
)( 1
k2
)
x(q−1−k1)qm+(1−k2)(−1) if q > 2,∑
0k1,k21
(k1,k2) =(0,0)
( 1
k1
)( 1
k2
)
x(1−k1)qm+(1−k2) if q = 2
=
{
xq
m − x if q > 2,
x2
m + x+ 1 if q = 2. (3.6)
Since (m, pe) = 1, the mapping x 	→ xqm − x is q-to-1 from V to Fqe , hence the mapping x 	→∑
a∈Fq (x + a)n is q-to-1 from V to Fqe . By Lemma 3.1, gn,q(x) is a permutation polynomial
over Fqe .
X. Hou / Journal of Combinatorial Theory, Series A 118 (2011) 448–454 453We will see that gn,q(x) in this example is a familiar q-linearized polynomial. From (3.6) we
have
gn,q
(
xq − x)= { xqm − x if q > 2,
x2
m + x+ 1 if q = 2.
When q > 2,
gn,q
(
xq − x)= xqm − x
= xqm − xqm−1 + xqm−1 − xqm−2 + · · · + xq − x
= (xq − x)qm−1 + · · · + (xq − x),
hence
gn,q(x) = xqm−1 + xqm−2 + · · · + x. (3.7)
When q = 2, similarly,
gn,2(x) = x2m−1 + x2m−2 + · · · + x+ 1. (3.8)
The fact that xq
m−1 + xqm−2 + · · · + x, where (m, pe) = 1, is a permutation polynomial on Fqe is
well known. We call this example the q-ary Gold case since its binary case was ﬁrst studied by
Gold [2].
3.3. Proof of Theorem 1.2
Recall that n = (p − 1)pm + p0e + p1e + · · · + p(p−1)e , where e ≡ 0 (mod 2) if p = 2, and
(m − 1, e) = 1. Choose  ∈ Fpe such that TrFpe /Fp () = 1 and choose u ∈ Fppe such that up − u =  .
By Lemma 3.1, it suﬃces to show that φ : x 	→ ∑a∈Fp (x + a)n is a p-to-1 mapping from V =⋃˙
b∈Fp (bu + Fpe ) to Fpe . We will prove that for each b ∈ Fp , φ is p-to-1 on bu + Fpe and all ele-
ments in φ(bu + Fpe ) have −b as their trace from Fpe to Fp . (The second part of this claim ensures
that the images φ(bu + Fpe ) are disjoint for different b.)
Case 1. Assume b = 0. For x ∈ Fpe we have
φ(bu + x) =
∑
a∈Fp
(bu + x+ a)n
=
∑
a∈Fp
(
yp
m + a)p−1 p−1∏
k=0
(
yp
ke + a) (y = bu + x).
Since up = u +  , an induction gives upe = u +  + p + · · · + pe−1 = u + 1. So ype = x + bupe =
x+ b(u + 1) = x+ bu + b = y + b. Another induction gives ypke = y + kb. Therefore
φ(bu + x) =
∑
a∈Fp
(
yp
m + a)p−1 p−1∏
k=0
(y + kb + a)
= (yp − y) ∑
a∈Fp
(
yp
m + a)p−1.
In Fp[X] we have
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a∈Fp
(X + a)p−1 =
∑
a∈Fp
p−1∑
k=0
(
p − 1
k
)
ak X p−1−k
=
p−1∑
k=0
(
p − 1
k
)
Xp−1−k
∑
a∈Fp
ak
= −1.
Thus
φ(bu + x) = −(yp − y)= −(xp + bup − x− bu)= −xp + x− b.
Therefore φ is p-to-1 on bu + Fpe and TrFpe /Fp (φ(y)) = −b for all y ∈ bu + Fpe .
Case 2. Assume b = 0. For x ∈ Fpe we have
φ(x) =
∑
a∈Fp
(x+ a)n =
∑
a∈Fp
(x+ a)(p−1)pm+p =
( ∑
a∈Fp
(x+ a)(p−1)pm−1+1
)p
.
By (3.6),
∑
a∈Fp
(x+ a)(p−1)pm−1+1 =
{
xp
m−1 − x if p > 2,
x2
m−1 + x+ 1 if p = 2.
Thus φ is p-to-1 on Fpe and TrFpe /Fp (φ(x)) = 0 for all x ∈ Fpe . (When p = 2, we have TrF2e /F2 (φ(x)) =
TrF2e /F2 (1) = 0 since e is assumed to be even in this case.)
This concludes the proof of Theorem 1.2.
Remarks.
1. When p = 2, gn,2(x) is the reversed Dickson polynomial Dn(1, x). The binary case of Theorem 1.2
has been obtained in [3]; see [3, Theorem 5.3].
2. One might expect a q-ary version of Theorem 1.2. But we have not been able to make such a
generalization. In fact, it is not even clear what the q-ary version should be if it exists at all.
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